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Abstract 

The purpose of this paper is to estabhsh a variational representation 
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supE 
h 



f{B + j^ d{B)s hs- id{B)s hs 



for functionals of the d-dimensional G-Brownian motion B. Here E is a sub linear 
expectation called G-expectation, / is any bounded function in the domain of E 
mapping G([0, 1];M'^) to M, the integrals are taken with respect to the quadratic 
variation of i?, and the supremum runs over all /I's for which these integrals are 
well-defined. As an application, we give another proof of the results obtained by 
Gao- Jiang (2010), large deviations for G-Brownian motion. 



1 Introduction 

This paper is concerned with G-Brownian motion introduced by S. Peng. G-Brownian 
motion can be regarded as a Brownian motion with an uncertain variance process. One 
of its features is that, while the classical Brownian motion is defined on a probability 
space, G-Brownian motion is defined on a sublinear expectation space (fi, 7/, E). Here Vt 
is a given set and H is a vector lattice of real- valued functions on Vl containing 1, which is 
the domain of a sublinear expectation E. Peng [TJ |B] constructed a sublinear expectation 
space on which the canonical process of the space f2 = G([0, 1]; W^) of continuous paths 
starting from becomes a G-Brownian motion. The sublinear expectation in this space 
is called G-expectation. Also defined in [TJ [8] were the quadratic variation process of 
G-Brownian motion, and stochastic integrals with respect to G-Brownian motion and 
its quadratic variation for a certain class of stochastic processes. It is known that any 
sublinear expectation can be represented as a supremum of linear expectations, referred 
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to as an upper expectation. Recently, L. Denis, M. Hu and S. Peng gave a concrete upper 
expectation representation for G-expectation in P]. Through the upper expectation, a 
related capacity is defined, and it plays a similar role to a probability measure in the 
classical stochastic analysis. For instance, Gao- Jiang [5] formulated and proved large 
deviation principles for G-Brownian motion under this capacity. 

In this paper, we establish a variational representation for functionals of G-Brownian 
motion: 



logE [ 



JiB) 



] = sup E 

he(Af2(o,i))d 



f{B+ d{B)sh, 



hs ■ {d{B)shs 



■ (1-1) 



Here E is G-expectation, B is the c?- dimensional G-Brownian motion, / is any bounded 
function in the domain of G-expectation that maps G([0, to M, the integrals 
are taken with respect to the quadratic variation {B) of G-Brownian motion, and the 
supremum runs over all M"^- valued processes h for which these integrals are well-defined. 
Precise definitions will be seen in Section |2j 

One of our motivations for this representation comes from large deviation principles 
for G-Brownian motion. It is well known that, on a probability space, the large deviation 
principle for a given family of random variables is equivalent to its Laplace principle. 
In [2], M. Boue and P. Dupuis established a variational representation for functionals 
of Brownian motion and showed its usefulness in the derivation of Laplace principles 
when the family of concern consists of functionals of Brownian motion. Our variational 
representation fll.ip has the same application in the framework of G-expectation space; 
indeed, it is also true that the Laplace principle formulated under G-expectation is 
equivalent to the large deviation principle formulated under the capacity, and the repre- 
sentation fll.ip can be used to derive Laplace principles for families of random variables 
given as functionals of G-Brownian motion. As an illustration, we prove the Laplace 
principles for the families {^/eB■,e > 0} and {{\/eB, {B));e > 0}. Large deviations for 
these families were originally obtained by Gao- Jiang [5] ; they employed a discretization 
technique. Our variational representation gives another proof. 

The proof of the representation fll.ip is split into the derivations of the lower and 
upper bounds. By virtue of approximating method we employ, proofs of these bounds are 
reduced to showing their validity for a particular class of functions /, namely the class 
of bounded Lipschitz cylinder functions. To obtain the lower bound, Girsanov's formula 
for G-Brownian motion in [6] allows us to use a similar argument to that in Boue-Dupuis 
[2]. The proof of the upper bound is in the same spirit as Zhang [10], which extended 
the representation of Boue-Dupuis to the framework of an abstract Wiener space as 
simplifying the proof of the upper bound by using the Clark-Ocone formula; we use a 
type of the Clark-Ocone formula under G-expectation (Lemma 13. 8p to prove the upper 
bound. Prior to the proof of the representation fll.ip . the well-definedness of the right- 
hand side has also to be verified, that is, it is needed to show that for any bounded 
function / in the domain of G-expectation, functionals of the form f{B + d{B)s hg) 
with h as described above are again in the domain. A key is to establish an absolute 
continuity between B and B + d{B)s hg under the capacity (Proposition EH]), which is 
done by using relative entropy estimates as given in Boue-Dupuis [2] and also by using 
Girsanov's formula for G-Brownian motion. 
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We give an outline of the paper. In Section |2l we introduce necessary notions and 
related results as preliminaries: the construction of G-expectation, stochastic integrals 
for G-Brownian motion, the upper expectation for G-expectation due to Denis- Hu- Peng 
|3], and Girsanov's formula for G-Brownian motion obtained by [6]. Main results of this 
paper are stated and proved in Section [3l we verify the well-definedness of the right- 
hand side of (11 .ip in Subsection 13. ![ and prove the representation (11. ip in Subsections 13. 21 
and 13.31 In Section HI we derive large deviation principles for G-Brownian motion as 
an application of our representation. In Section we show an absolute continuity 
relationship between B and B + d{B)s hg under the capacity. 

Throughout this paper, for a probability measure P, Ep denotes the expectation 
with respect to P. For a real- valued function / on any metric space (X, (i), we denote 
by Lip(/) the Lipschitz constant of /: 

Lip(/) := sup ^ . 

Other notation will be introduced as needed. 



2 G-Brownian motion and related stochastic analy- 
sis 

In this section, we briefly recall from [Zl El 13] some notions and related results about 
G-Brownian motion and G-expectation space. As preparing some necessities such as 
the notions of G-stochastic integrals and G-martingales, we then introduce Girsanov's 
formula for multidimensional G-Brownian motion established in [S]. 

2.1 G-expectation space and the related capacity 

Let be the set of M'^-valued continuous functions uj : [0, 1] — )■ with ojq = 0, equipped 
with the distance 

p{u^,u'^) := sup \ujI — Uf\, U'^,u'^eQ. (2.1) 

For each t G [0, 1], we also set Qt '■= {i^-At ■ (jJ E Q}. We denote by B{Q) (resp. by 
B{Qt)) the associated Borel a-algebra of Q (resp. of Qt)- In the sequel we denote by 
B = {BfjO ^ t ^ 1} the canonical process in Q: Bt{u) := Ut, ^ t ^ l,u E Q. For 
each t G [0, 1], let Ch^upi^t) be the set of bounded Lipschitzian cylinder functionals on 
a: 

a,Lipi^t) ■■= WiBt,,. . .,BtJ : n G N, ti, . . . ,t„ G [0,t], <^ G C^upm^T)} ; 

when t = 1, we simply write Ch^Lipi^)- Here and below, Cb^LipiM."^) denotes the set of 
bounded Lipschitz functions on M™. Let M.'^^'^ be the set of d x d matrices and G a 
non-empty, bounded and closed subset of M.'^^'^; the set 6 is a collection of parameters 
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that represents the variance uncertainty of G-Brownian motion. We associate G with 
two constants di, ctq ^ via 

(Tq = inf inf x ■ 77*0;, = sup sup x ■ 77*3;. (2.2) 

1^1=1 \x\=l 

For a d X d symmetric matrix A, define 

G{A) :=lsuptr[A77*]. 

For a given ip e Cb^upi^'^), we denote by the unique viscosity solution to the following 
nonlinear partial differential equation called the G-heat equation: 

— -GiD^u)=0 in(0,l)xM^ ^^.s) 
u\t=o = <f in R^, 



where D^u = ( q^q^j ) is the Hessian matrix of u. 



Remark 2.1. For the existence and uniqueness of the viscosity solution to (12. 3p . we refer 
to [HI Section C.3]. If ctq > 0, then the solution to f l2.3p becomes a C^'^-solution. 

It is shown in [TJ [8] that there exists a unique sublinear expectation functional 
E : Cb^Lipi^) — ^ that possesses the following two properties: 

(i) for all ^ s < t ^ 1 and G Cb,Lip(^'^), 

E[cp{Bt - B,)] = E[if{Bt_,)] = u^it - s, 0); 

(ii) for all n G N, ^ ti ^ . . . ^ t„ ^ 1 and ^ G CbMpii^'^T), 

E [^(5,,, . . . , 5,J] = E [^1(5,,, . . . , , (2.4) 

where ipi : (M"^)"^^ — )■ M is defined by 



i)l{Xi, . . .,Xn-l) = E 



iIj{Xi, Xn-l, B\1 ' + Xn-1 



with Bl := fit - fi, for ^ s ^ t ^ 1. 

For tfc„i < tk, the related conditional expectation of (p{Bt-^, . . . , Bt^) on Cb^upi^t) is 
defined by 

EMBt,, ■■■,BtJ]:= ^n-kiBt„ Bt,_„Bt), (2.5) 

where ipn-k{xi, Xk-i, Xk) = E[^ixi, Xk-i, Bj^ + Xk, . . . , B\^ + Xk)]. The comple- 
tion of Cb^LipiS^t) with respect to the norm E[| • |] is denoted by £^(0^); we simply write 
C)j{yt) for £^(fii). The functional E (resp. E^) is then uniquely extended to a sublinear 
expectation (resp. a conditional sublinear expectation) on £^(i7). This extension is 
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called G-expectation (resp. conditional G-expectation) and will still be denoted by E 
(resp. by Ej) in the sequel. The triplet E) is called G-expectation space, on 

which the canonical process 5 is a d-dimensional G-Brownian motion; for more details, 
we send the reader to [9] and references therein. 

Let W = {Wt = {Wi\...,Wf)*;t ^ 0}, together with a probability measure 
defined on a suitable measurable space, be a d-dimensional Brownian motion starting 
from the origin: P(Wo = 0) = 1. We denote by {J-'t}t^o its augmented filtration: 

J-^ := a{Ws, ^ s ^ t) V TVT, t ^ 0, 

where M is the collection of P-null events. We denote by Aqi the set of 6-valued {J^t}- 
progressively measurable processes over the interval [0, 1]. For each 9 G Aq^, we denote 
by Pg the law of the process 

[ 9s dWs, ^ t ^ 1, 
Jo 

induced on VL. Now we define the capacity c : BiVt) — )• [0, 1] by 

c(A) := sup Pe(^) ioiAeBin). (2.6) 

We list some capacity-related terms: (i) A set A G B{VL) is called polar if c{A) = 0; 
(ii) a property is said to hold quasi-surely (q.s.) if it holds outside a polar set; (iii) a 
mapping X : 1] — )■ M is said to be quasi-continuous (q.c.) if for all e > 0, there exists 
an open set O with c(0) < e such that X\oc is continuous; (iv) we say that X : — M 
has a q.c. version if there exists a q.c. function F : — M with X = Y q.s. For each 
t G [0,1], we denote by L^{flt) the set of i3(fit)-measurable real-valued functions, and 
write L°(fi) for L°(fii). For each X G L°(fi) such that ^pJX] exists for all 9 G ^^i, 
set 

E[X] := sup EpjX]. 

The following characterization of G-expectation space is given by f2[ Theorem 54]: 

£}.{Qt) = (x G L^i^t) ■■ X has a q.c. version, lim E[|X|l||x|>„|] = o| , (2.7) 
E[X] = I[X] for all X G C^^in). (2.8) 

We refer to the latter identity (12.81) as the upper expectation representation for G- 
expectation. If we denote by V the closure of the family {Pg : 9 G Aq i} with respect to 
the topology of weak convergence, then the same conclusion as (12.81) holds for the upper 
expectation relative to "P P, Theorem 52]: for each X G L°(f2) such that -Ep[X] exists 
for all P eV, set E[X] := snpp^j, Ep[X]. Then 



E[X] = E[X] for all X G C}j{n). 



(2.9) 
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Let us consider another capacity 

c{A) := sup P{A), A e B{n), (2.10) 

associated to the upper expectation representation 02.91) . If G B{Q) is polar under the 
capacity c, then N is also polar under the capacity c! Indeed, since the indicator function 
Iat is equal to q.s. under the capacity c, we have in particular that 1n{B) G >Cg.(f2) by 
02.71) . Then by 02. 9p . we have c{N) = E[lljv] = 0. This shows that the quasi-sureness 
under c is equivalent to that under c. Thus we do not need to distinguish these two and 
simply write q.s. 

Remark 2.2. If variational representations hold under the laws of continuous martingales, 
then the representation 01.11) is immediate from those and 02.81) : however, as far as we 
know, such representations have not been obtained in any existing literature. 



2.2 Girsanov's formula for G-Brownian motion 

In order to introduce the statement of Girsanov's formula for G-Brownian motion from 
[6], we recall some notions first. 

For each p ^ I and t G [0, 1], we denote by £^(fif) the completion of Cb,Lip{^t) with 
respect to the norm E[| • When t = 1, we drop it from notation. Let 

{n-l 
Y,^kh„t,+,) : n G N, = to < ti < ■ • ■ < tn = 1, 
A:=0 

ikeC^Qt,), A; = 0,...,n-l|. (2.11) 

We denote by Mq{0, 1) the completion of Mq^{0, 1) under the norm 

hllMg(o,i) := \ I ^[IVtfdt] 
To 7]= {ri')f^^ G (Mg(0, l))'^, we assign the norm ||r7||Mg(o,i;K'*) by 

ll'7llMg(0,l;R'*) •= lll^lllAfg{0,l)- 
For every h G (M^(0, l))'^ and t G [0, 1], the Ito integral for G-Brownian motion 



Jo Jo 



is defined as an element of CQ{Qt)- Here denotes the i-th coordinate of B. For 
i,j = l,...,d, the mutual variation of 5' and B^ 



{B\ B^)t := BlBi - f Bl dBi - f Bi dB^ 
Jo Jo 
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is also defined since B^, belong to M^(0, 1). We denote the quadratic variation of B 
by {B)t := {{B\B^)t)l-^^, ^ t ^ 1. In addition, for each r/ G (M^(0, 1))^ we define 

d{B)sr^s := [Y, [\ld{B\B^),,...,J2 [\ld{B',B^), 
\i=i i=i 

as an element of Note that if r/^r/^ e Mg(0, 1), then r^^r/^ e M^(0, 1). For 

each h G (M|(0, l))'', we write 

f K ■ {d{B)s K) := V r /i^/ii d{B\ B^)s. 
Jo i j^-^ Jo 

Remark 2.3. From the upper expectation representation (12.81) and the definition of Pe, 
9 e ^0 1; is seen that for every G i; 

G {77* : 7 G 0} for a.e. s G [0, 1] Pg-a.s. (2.12) 

An M-valued process t] = {r]t]0 ^ t ^ 1} defined on {Q, Cq{Q),E,) is called a G- 
martingale if rjt G C^lQi) for every ^ t ^ 1 and its conditional G-expectations satisfy 

Eslrjt] = r]s in Cq^Qs) 

for all ^ s ^ t; is called a symmetric G-martingale if both 77 and —77 are G- 
martingales. 

With these notions, we now introduce Girsanov's formula for G-Brownian motion. 
Let h G (M2 (0, 1))'^. We define, for ^ t ^ 1, 



:= exp ( / h,-dB,-l [ K- {d{B), 







Bt ■.= Bt- [ d{B), hs 
Jo 



and we set 

C^tLpi^) ■= MB,., . . . , : n G N, ti, . . . , t„ G [0, 1], G C.^upm'T)}- 

Theorem 2.4 ([6], Theorem 5.3). Assume that ctq defined by (12. 2 p is strictly positive and 
that D^'^^ is a symmetric G-martingale on (1), £g(f2), E). Define a sublinear expectation 
by 

E'[X]:=E[XD['^] forXeCj^ljn). 

Let Cq^^\^1) be the completion of Gjl^l-p{^l) under the norm E^[| ■ |], and extend E^ to 
a unique sublinear expectation on Clf'^\^). Then the process {Bt;0 ^ t ^ 1} is a 
G-Brownian motion on the sublinear expectation space 
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Remark 2.5. Suppose that the assumptions of Theorem 12.41 are fulfilled. If a functional 
F = F{B) on f2 belongs to Lq{Q), then we see that by its construction, Cq^'^\Q,) 
contains F[B) and then by Theorem [22 



(2.13) 



E [F{B)] = [F{B 



this transformation of G-expectation will be seen in Sections [3] and |5l 

A sufficient condition for D^^^ to be a symmetric G-martingale, referred to as G- 
Novikov's condition, is also given in there exists e > such that 



E 



exp + hs ■ {d{B),hs) 



< oo. 



Proposition 2.6 ([6J, Proposition 5.9). If h E (M^(0, l))'^ satisfies G-Novikov's condi- 
tion, then the process D^^^ is a symmetric G-martingale. 

In the sequel we denote by || ■ ||oo the supremum norm under the capacity c: 

||X||oo := inf{M > : c(|X| > M) = 0} for X G L°(fi). 

We say that h e (M^(0, 1))'=' is bounded if 

sup |||/it|||oo < OO. 

G-Novikov's condition implies that D^'^^ is a symmetric G-martingale if h is bounded. 
We also write E^[X] for X e L°(fi) to denote E[XD[''^] whenever XD[^^ G C}.{ny, 
we recall from [6l Remark 5.8] that under the assumptions of Theorem 12.41 we have 
XD^^^ G -^^(^2) if X G C]^^\VL). We close this section with a lemma that will also be 
referred to in Sections |3] and [51 

Lemma 2.7. Let h e (M^(0, l))'^ be bounded. 

(i) Let X G L°(fi) be such that X G for some p > 1. Then E^[X] is well- 
defined, that is, XD[^'^ G Cq{^1). 

(ii) Denote B = B — d{B)s hs as above. Then it holds that 



and 



E'' 



h, ■ dB^ 



h^ ■ dB^ 
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Proof, (i) Let us check XD['^^ G jC.q{^) via the characterization (12. 7p of Cq{Q). Since 
X and d['^^ are in Cq{Q), it is clear that XD[^'^ has a q.c. version. Note that by the 
boundedness of h and fl2.12p . 



/ h, ■ {d{B)shs) ^ af sup \\\ht\\\l, q.s. 



(2.14) 



with the constant ai given in (12. 2p . Then for any q ^ 1, 



E 



E 



exp 



g2 - g 



exp 



exp 



9-9 2 lllr I 

— - — sup II I /it I 

CTi sup |||/li| 



|2 
I oo 



E 



^1' 



{qh) 



< OO, 



(2.15) 



where for the last equality, we used the fact that D'^''^^ is also a symmetric G-martingale 
due to the boundedness of h. Then by Holder's inequality, 



E 



\XD\ 



{h) 



^ E 



X 2 p+1 



P+1 

2p 



EflXn'^^E 



E 



p(p+i) 



p-i 

2p 



£-1 

2p 



< OO. 



Therefore we obtain 



lim E 

n— >oo 



\XDf\l 



and hence X^f ^ G ^^(fi)- 
(ii) Set 



hs ■ {d{B)shs 



for ^ t ^ 1. It follows from iKWf that Yi G Cl{Q), and hence YiD^^^ G £^(fi) 
by (i). Since YD^'^'^ is a P^-martingale for any 6 G we have Epg[YiD[^^] = 

—Epg[—YiDf'^] =0. As G is arbitrary, we obtain 

E'* [Yi] = -E^ 



-Yi] = 

by the upper expectation representation fl2.8p . and end the proof. 



□ 



3 The variational representation for G-Brownian 
functionals 

In this section, we state and prove the main result of this paper, the variational rep- 
resentation fll.ip for functionals on G-expectation space. In the rest of this paper, we 
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assume (Tq > 0. This assumption allows us to apply Girsanov's formula for G-Brownian 
motion (Theorem 12 ■4p . which plays a central role throughout this section and Section EJ 
When / G Cq{Q) is q.s. bounded, we simply call it bounded. 



■ (3.1) 



Theorem 3.1. For any bounded elements f of Cq{Q), it holds that 

logE [e^(^)] = sup E [/ f S + / d{B), - ]- f h, ■ {d{B), h, 

h&{Ml(0,l)Y V \ Jo J ^ Jo 

The well-definedness of the right-hand side of (13.11) will be seen in Proposition 13.31 
The following fact will be used in the proof of Theorem 13.11 repeatedly: 

Remark 3.2. For any M > 0, the mappings 

R9x^log(e"^V (xAe*^)) and R 9 x ^ exp {(-M) V (x A M)} 

are both Lipschitz functions with Lipschitz constant e^. Here and in what follows we 
write xM y = max{x, y} and x Ay = min{x, y} for x, y G R. 

3.1 A preliminary result 

In this subsection, we see that G-expectation in the right-hand side of (11.11) is well- 
defined, that is, we prove the following: 

Proposition 3.3. Let f be a bounded element of Cq{^1). Then, for any h G (M^(0, l))'', 
we have 



f(^B + j^d{B),h)j eChm. 



A key step to the proof of this proposition is an absolute continuity stated in Propo- 
sition [STTl In what follows, we denote 

T\B)t = Bt+ [ d{B),hs, O^t^l, 







for h G (M2 (0, l))'^. 

Proof of Proposition 13731 Let {/„}„eN C Cb^upi^) be such that 

hm E[|/„(5)-/(i?)|] =0. 

n— >oo 

Truncating /„ if necessary, we may assume that ||/n,||oo ^ ||/||oo for all n G N. Since 
every is in Cb^Lipi^) and /„ d{B)shs has a q.c. version for each t G [0, 1], it is clear 
that the functional /„ {T^{Byj also has a q.c. version, hence belongs to C]j{Vt) due to 
(12.71) . Therefore, in order to prove the proposition, it is sufficient to show 

1 [\fn {T\B)) - f {T\B)) \] > (3.2) 
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because of (12.81) . To this end, fix £ > arbitrarily. By the subhnearity of E, the left-hand 
side of f l3.2p is bounded from above by the sum 



I [\fn{T\B)) - f{T\B))\-T\B) e Al] 

+ E [\UT\B)) - fiT\B))\ ; T\B) G A^] 



(3.3) 



where An = {u : \fn{^) — f{^)\ > The first term is less than or equal to e from the 
definition of An- On the other hand, since (15. 2p in Proposition 15. II yields the bounds 



|/(T^(5))|, |/„(T'^(i?))|^||/|U q.s. 
for all n E N, the second term of (13. 3 p is less than or equal to 

2||/|Uc {T\B)eAn). 
By Chebyshev's inequahty and (12. 9p . 

ciAn)^s-'E[\UB)-fiB)\]; 

the right-hand converges to by letting n oo. Therefore Proposition 15.11 implies 
c (T'^{B) G An) < e for sufficiently large n. Combining these estimates, we can bound 
(13. 3p from above by 



□ 



^1 + 2|| J iioo; 

for sufficiently large n, and hence obtain (13. 2p . 



3.2 Proof of the lower bound 

In this subsection, we prove the lower bound in Theorem l3.lt for any bounded elements 

/of cun), 



logE [e-^(^)] ^ sup E 

hG(A/2(0,l))'* 



f[B+ d{B),h, 



hs ■ {d{B)s hs 



(3.4) 



Lemma 3.4. Let h G {Mq{0,1)Y be bounded. Then for any bounded f G Cq{Q), we 
have 



logE [e^(^)] ^ E^ f{B) - logD}' 



(3.5) 



Proof. First note that /(-B)— log d[^^ G Cq{^1) by the assumption. Hence the right-hand 
side of (13. 5 p is well-defined by (i) of Lemma 12. 7^ and is equal to 



E'^ 



logE [e^(^)] - logE [e^(^)] + loge^^^^ - log^f ^ 
logE [e^(^)] +E^ 



I ./(B) ^1 



(3.6) 
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We rewrite the second term of (13. 6p to obtain the bound 



E 



Df^ I X 



^ E 



E 



f{B) 



E 



J{B) 



E 



[h) 



where the inequahty follows from that — xlogx ^ 1 — x for x > 0. Since D^^^ is a 
symmetric G-martingale by the boundedness of h and G-Novikov's condition (Proposi- 
tion EH), 



E 



of{B) 



_E [ef(^\ 
Therefore the lemma follows 











= E 




+ E 


_E[e/(^)]_ 



1-1 = 0. 



□ 



We denote by Sb,Lip the subset of M^'°(0, 1) consisting of elements with each in 
the definition fl2ll]) of M^'"(0, 1) belonging to Cb,up{^tJ- Since Cb^upi^tk) is dense in 
£|,(f2tj,), we may deduce that Sh^up is also dense in M^(0, 1). Let h = h.{B) G {Sh^LipY 
be written as 



n-l 



(3.7) 



k=0 



for some n e N, = to < h < ■ ■ ■ < = I, e R'^, and = 6(5) G {Cb,Lip{^tk)Y 



k = l. 



n — 1. We associate h with a simple process h defined as follows: 



^0 '■— ^0, 
^1 ■■= 6 ( 



d{B)sh,,t<:h) , 



ht '■— 6, to < ti, 
ht := ^1, ti^t < t2, 



^n-l '■= 6-1 { Bt — I d{B)s hs, t ^ tn~l J , 



ht '■— 6-1) ^n-l ^t<tn- 



By this construction, it is clear that each 6 belongs to Cq{^) and is bounded, and 
hence h is a bounded element of (M^'°(0, 1))*^; moreover, 

= ht (t-^{B)^ for all ^ t ^ 1. 

Lemma 3.5. f l3^ holds for f G Cb,Lip{^)- 



(3.1 
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Proof. It is sufficient to show 



logE [e^(^)] ^ E / {T\B)) - - / h,- {d{B)M (3.9) 

for all h G (M^ (0, 1))'^. 

First we let h G {Sb^LipY- Let be the associated element of (M^'°(0, 1))'^ as con- 
structed above so that fl3.8p holds. By the boundedness of h, Lemma 13.41 implies 



logE [e^(^)] ^ E^' 
= E'^ 



where B := T ^{B) and the equality follows from (ii) of Lemma [2.71 By (13. 8p and the 
obvious identity (B) = (B), we can rewrite the right-hand side as 



E^ 



f[B+ d{B),K{B) 



K{B)-{d{B),K{B)) 



(3.10) 



By the boundedness of h, Proposition 12.61 implies that D^'^^ is a symmetric G-martingale, 
and hence by Girsanov's formula for G-Brownian motion (Theorem 12. 4p . i? is a G- 

Brownian motion on (^], Cl}^^\n),E^). Since f {B + d{B), hs{B)) is in C}.{n) by the 

assumption / G Cb,Lipi^) and hs{B) ■ {d{B)s hs{B)) is also in £jj(f2), we see from 
flTT^ in Remark 123] that dXTU]) is equal to 



E 



f B 



d{B)sK 



hs-{d{B),hs) 



1 7i _ 7i"ll 

I" IIm2(0,1;IE 



Therefore ([33]) holds for h G {Sb^iipY- 

Now we let h G (M^(0, 1))"' and take a sequence {h^}n&i C {Sb^upY such that 

— )■ as n — 7- oo. 
As seen above, (13. 9p holds for every /i", from which it follows that 

logE [e^(^)] ^ E [/ {T\B)) - \ fhs- {d{B), K 
V Jo 

- E [/ (T'lB)) - / {T>''{B))] 



2 



K ■ {d{B), hi 



(3.11) 



Therefore it suffices to show that the second and third terms in the right-hand side of 
(13.111) tend to as n — )■ oo. For the second term, since / is Lipschitz, 



|E[/ {T\B))-f{T^\B))]\^Uv{m 



sup 

0€t<l 
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^Up{f)al\\h-h' 



Im2 (0,1;! 



(3.12) 



where in the last hne, we use f l2.12p and the Cauchy-Schwarz inequahty. On the other 
hand, for the third term, we also have 



E 



h:-id{B)sh: 



hs ■ {d{B)shs 



'0 

^ CrJ|/l" + /i||M2(0,l;Md)ll^" - ^llAf2(0,l;: 



(3.13) 



Since {h^} is an approximate sequence of h, (I3.12p and (13.131) tend to as n — )■ oo. 
Therefore (13. 9p is valid for h G (M^(0, l))'^ and we complete the proof. □ 

We are ready to prove the lower bound in Theorem 13. 1[ 

Proposition 3.6. (13. 4p holds for all bounded elements f of Cq{Q). 

Proof Fix h G (M^(0, l))'^ arbitrarily and let {/„}„ gN be as in the proof of Proposi- 
tion 13.31 Lemma 13.51 implies that 



logE [e^(^)] -E 



/ {T\B)) 



hs ■ {d{B)s hs 



^ logE [e/(^)] - logE [e^"(^)] - E [|/ (T^iB)) - /„ (T^B)) \] . 

As seen in the proof of Proposition 13. 3^ the third term in the right-hand side converges 
to as n — )■ oo. By taking M = \\f\\oo in Remark 13. 2^ we also have 

|logE [e^(^)] - logE [e^"(^)] | ^ e'H^H-E [\f{B) - /„(S)|] ^ (3.14) 

as n — )■ oo, and hence obtain the proposition. □ 

3.3 Proof of the upper bound 



In this subsection, we prove the upper bound in Theorem 13. 11 for any bounded elements 
/of Chi^), 



logE [e^^^^] ^ sup E 



f\B+ d{B)sK 



hs ■ {d{B)s hs 



. (3.15) 



Proofs of the next two lemmas proceed as those of Lemma 2.1 and Theorem 2.2 in 
Chapter IV of [9]. 

Lemma 3.7. Let ^ ti ^ 1. For every (p G Ch,Lip{^''^) , there exist a hounded h G 
(M^(0, l))"' and an A e C^ip) with A^O q.s. such that 

^{B,) = logEt, [e'^(^^)] + j'hs- dBs ' I ^s ■ {d{B)s hs) - A 

in Cq{Q), where Ef^ is the conditional G-expectation defined by (12. 5p . 
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Proof. If we let 



u{t,x) := E [e'^(^i-^'+")] 

for {t, x) G [0, 1] X R'^, then by the assumption ao > 0, u is the C^'^ ((0, 1) x M'^j-solution 
of 



^ + G{D\)=0 in (0,1) 



X 



m(1,x) = e'^(^) for xgM'^; 

see Remark [2.11 Observe that by letting \ip\ := sup^gj^d \ f{x) 

< e^l*^! ^ u{t,x) ^ el'^l < oo 
for any {t, x), and that by the Lipschitz continuity of 

sup |Vn(t, x)| < oo, 

(t,x)G{0,l)xR<* 



(3.16) 



(3.17) 



(3.18) 



where V := (^fr, • • • , gf^)*- Additionally, we note that by Theorem 4.5 in Appendix C 
in [9], there exists an a G (0, 1) such that 



(3.19) 



Here 



l^llci+f-2+-([0,l-£]xI 



l^llct'"([0,l-e]xl 



sup 



s,tG[0,l-e], s^t 



\u{s,x) -u{t,y)\ 



du 



dt 



C^'"([0,l-e]xR'*) j=i 



du 



C^^"([0,l-e]xl 



dx^dx^ 



C^'"([0,l-e]xIR'*) 

Set U{t,x) := logM(t,x). Then f/ is also a member of C"*^'^ ((0, 1) x R'^) and 

1 du 



— ( 

'dt^^'''' " u{t,x) dt 



(t,x). 



VU{t,x) 



u{t, X 



-Vu{t, x), 



(3.20) 



1 



D'U(t,x) = -VU(t,x) (VU(t,x))* + — -D'u(t,x). 

U{t, X) 

Therefore we have by fl3.17p and f l3.19p . 
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which allows us to apply G-Ito's formula Theorem 6.5 in Chapter 111] to U(t, Bt) on 
[ti, 1 — s] for < e < 1 — ti. Then we have 



U{l-6,B^_,) = U{h,BtJ + '^{s,B,)ds + \u{s,B,)-dB, 



By (K20^ . together with f l336|l . we obtain 

U{l-e,Bi_ 



£ J 

l—e 1 e 



1 f^^' (3.21) 
Uih,Bt,)+ I hs-dBs-- hs-id{B)shs)-A,^,, 



where 



ht:=VU{t,Bt), 0^t<l, 

Note that {At; ti ^ t ^ 1} is a nondecreasing process with At-^ = and each term of 
fl3.2ip is an element of Cq{Q). For the left-hand side of fl3.2ip . we first note that by 
Remark 13. 2[ 

\u{s,x) - u{t,x)\ ^ el'^lLip((^)E[|5, - Bt\] , 
\u{t,x) - u{t,y)\ ^ el'^lLip(v9)|x - y\ 

for all ^ s,t ^ 1 and x,y G Mf^. Again by Remark 13.21 and by the above estimates, 

|f/(l,5i)-f/(l-£,5i_,)l 
^el'^l \u{l,B^)-u{l-e,B,_,)\ 

K e2|'^lLip(^)|E [\B, - + ~ } 

^0 as £ ^ in Cl{Q). (3.22) 

For the second and third terms in the right-hand side of fl3.2ip . since VU is bounded 
because of fIXTTI) . (I3A8|) and (ICTj) . we have 

h, -dBs^O and [ h, ■ {d{B)s K) (3.23) 

l-e Jl-e 

as £ — )■ in >C^(f2). For the convergence of it is clear that A := Ai as 

e ^0 Pe-a.s. for every 6 e A^^^. Moreover, by (Km and (Km . 

^ -f/(l, fii) + U{h, Bt,)+ j h^.dB,-^ f K- {d{B), K) 
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as £ — )• in Cq{Q). For every 9 G i; taking a subsequence if necessary, we see that 
this convergence also holds P^i-a.s. Therefore we have 



A = -U{l,Bi) + U{ti,Bt,)+ [ hs-dBs-l [ hs-{d{B)sh, 

Jti ^ Jti 



(3.24) 



Pe-a.s. for all 9 G A^i- Since all terms in the right-hand side of f l3.24p are in Cq{Q), A 
is also in Cq{Q). As a consequence, the equality f l3.24p holds in Cq{Q). By noting that 

U{1,B,)=^{B,), 

U{h,B,,) = logE [e^(Si-s*i+-)] 1^^^^^ = logE,, [e'^(^^)] , 
we finally obtain 

^{B,) = \ogEt, [e'^(^^)] + ^ h,-dB,-^j^ K- {d{B), K) - A 

in CU^). □ 

The following lemma is a type of the Clark-Ocone formula in the framework of 
G-expectation space. 

Lemma 3.8. For every f G Cb^Lipi^), there exist a bounded h G {Mq{0,1)Y and an 
A G jCq{^1) with A^ q.s. such that 

/(5)=logE[e^(^)]+ fh^.dB,-]- [\,-{d{B),h,)-A m Clip). (3.25) 

Jo ^ Jo 

Proof. Let ^ ti ^ 1 and ip G Cb Lip{{M.'^y). It suffices to show the lemma holds when 
fiB) = ipiBt,,B,). Set 

u{t,x,y) := E [e'^(-'^^-^*+'^)] , U{t,x,y) := log u{t,x,y) 

for {t, X, y) G [0, 1] x M'^ x W^. By Lemma [3Tt we have for every x G M'^, 

f/(l,a;,5i)=logE [e'^(--'^^-^*i+^)]| + [\yU{s,x, B,) ■ dB, 

" *i Jh 

1 

1 G (D2u(s, X, 5,)) _ 1 tr [d{B)s D^uis, x, 5, 



*i 



u{s,x,Bs) Jt^ 2 u{s,x,B, 



in £|.(fi), where Vj^ := (^g^, . . . , and ;= (^gfi^^ By the construction of 

the integrations with respect to dBg and d{B)s (see, e.g., [8j), this identity still holds 
with X replaced by Bt^. Hence, by letting 

^i{x) :=logE[e'^("'^^-^*i+")] , 



18 



r^ G{Dluis,Bt„B,)) Iti [d{B),Dluis,Bt„B, 



u{s,Bt^,Bs) Ju 2 u{s,Bt^,B^ 



we get 

ip{Bt,,B,) = U{l,Bt,,Bi] 



MBt,)+ f hs-dBs- \ [\s-{d{B),h,)-A^'\ 
Jti ^ Jti 



Since ipi G Cb^upiM^), we may apply Lemma 1X71 to {pi{BtJ to obtain h G {Mq{0,1)Y 
and e C%{n) with A^^) ^ q.s. such that 

in Noting (EID, we have 

Therefore the lemma follows. □ 

Recall that V is the weak closure of {Pe : 6 G ili t>y the tightness of {Pe : 6 G 
^0 i} ([3", Proposition 50]), V is weakly compact. 

Lemma 3.9. For f G Cb,Lipi^), let A G (/zf en m Lemma \3.S[ Then there 

exists P E V such that 

A = P-a.s. 
Proof. Rewriting f l3.25p in Lemma [3. 8^ we have 

By the boundedness of h and Proposition 12. 6^ D^^^ is a symmetric G- martingale and 
hence the right-hand side is symmetric. Therefore the left-hand side is also symmetric, 
which yields 

E [e^(^)+^] = -E [-e^(^)+^] = E [e^(^)] . (3.26) 

Since every integrand in fl3.26p is an element of £^(fi), we see from (12. 9p that (I3.26P 
still holds if E is replaced by E, from which it follows that 

Ep [e^(^)+^] = E [e^(^)] for all P eV. (3.27) 

Also observe that, since / is bounded and continuous, the mapping V 3 P ^ Ep[ef'^^^] 
is continuous by the definition of weak convergence. Then by the compactness of P, 
there exists P' G V which attains the supremum of Eple^^^^^] over P G P, namely 

Ep, [e^(^)] = E [e^(^)] . (3.28) 
Combining (I3.27P and (I3.28P leads to P'{A = 0) = 1 since A is nonnegative q.s. □ 
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In the case of a classical Brownian motion, the following lemma is a consequence 
of Scheffe's lemma, the equivalence between L^-convergence and the convergence of L^- 
norms for an a.s. convergent sequence of random variables. Although the setting is 
restricted, this lemma may be regarded as a sublinear counterpart to Scheffe's lemma. 

Lemma 3.10. For a bounded h G (M^(0, l))'^, let {/i^jneN C {Sb^LipY be such that 
supoa^si lll^niloo ^ supo^t^i |||/it|||oo and 

lim \\h - /i"||M2(o,l;Md) = 0- 



Then we have 



lim E 

n— >oo 



0. 



In particular, it holds that for any bounded elements f of Cq{Q), 

\f{B)-l- fhs-{d{B)sK) 
^ Jo 



lim E' 

n—^oo 



f{B)-^l\:-{d{B),h: 



(3.29) 



Proof. Since D^^^ and D^''"^ are P^-martingales for any 9 G ^oi; their expectations 
under Pg are equal to 1, and hence 



Er 



(h) 



Er 



D\ 



(3.30) 



The left-hand side and the right-hand side of fl3.30p are equal to 



Er 



+ Ef 



and 



Er 



[h) 



+ Er 



respectively. Here = x V for a; G M. Combining these with fl3.30p . we have the 
relation Ep^[{d[''^ - dP)+] = Ep^[{dP - Z^fV], and hence 



Ef 



2Ef 



{of^-DP) 



As 6 & Aqi is arbitrary, it follows that 



E 



2E 



(3.31) 
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By letting Xn := logD[^ ■* — logD]^' , the right-hand side of fl3.3ip is rewritten as 



2E 



which is bounded from above by 



2E 



211/2- 



1/2 



To obtain the lemma, it is enough to show that E[|X„p] tends to as n — )■ oo since 
E[(L)f is finite by f l2J[5|) . Note that 



Since it holds that 



E 



Jo 



and 



E 



{h: + K)-{d{B),{h:-K)) 







^ 4cri sup II I /If 



[ \h^ + hsfds [ Ih'^-h/ds 
Jo Jo 

11^" ~ ^llAf2(0,l;IRd) , 



2 

oo 



□ 



we get lim„^oo E[|X„p] = 0, and complete the proof. 

Let / G be bounded and {/n}neN C Cb,Lip{^) such that 

ll/nlloo^ ll/llooforallnGN and lim E[|/„(5) - = 0. (3.32) 



For each /„, let /i" G (M^(0, 1))'' and G be as given by Lemma [33] and 

P" G P as given by Lemma 13.91 

Lemma 3.11. For each n ^N, we have 



logE[e^"(^)] =Eq. 



UB)-- h:-{d{B),h\ 



(3.33) 



where := iPf "^P". 
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Proof. Setting B := T ^'\B), we have by Lemma \3.8\ 

logE [e^"(^)] = UB) - Ck- dBs -\f K ■ {d{B)s K) + A\ 

Jo ^ Jo 

Since /i" is bounded, we have by (ii) of Lemma fI77\ 



E 



^ h: ■ dBA dP 



-E 



0. 



By fl2.9p . this relation holds with E replaced by E, which results in 



/i^ ■ dBs 



for all P eV. 



Combining this with P"(A" = 0) = 1 leads to (13331) . 



□ 



Now we are in a position to prove the upper bound in Theorem 13.11 

Proposition 3.12. 03.151) holds for any bounded elements f of Lq{VI). 

Proof. For a bounded / G C\.{n), let {fn}nm C Cb^Lip{^) satisfy flX^ . and let /i", A'^ 
and P" be as above. Then for each n G N, we have by Lemma 13.111 



logE [e^(^)] = logE [e^(^)] - logE [e^"(^)] + i5;Q.[/„(P) - f{B)] 



f[B)-\j\:.{d{B),h:) 



(3.34) 



For the difference of the first two terms in the right-hand side of (13.341) . as seen in 
dSHD, we have 

|logE [e-''^^)] - logE [e^"(-^)] | ^ as n ^ oo. 

As to the third term in the right-hand side of (I3.34p , we see from Lemmas 13.81 and 13.91 
that 



oMB) 



E [e/"(^)] 



^ e 



2II/II 



P"-a.s. 



and hence 



EQ^[fn{B) - f{B)] ^ e'\\f\\-Ep.[\f^{B) - f{B)\] 



n\UB)-fm], 



which converges to as n — > oo by (12. 9 p and (13.320 . 

Therefore it remains to estimate the last term in the right-hand side of (I3.34p . For 
this purpose, we first observe the bound 



Enn 



f{B)-- / h:.{d{B),h:) 



C E 



f{B)-- I Kl.{d{B),h:)]D\ 
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E 



f[B)~\j\:.{d{B),h:) 



(3.35) 



where the equahty follows from f l2.9p . Fix e > arbitrarily. From fl3.29p in Lemma I3.im 
we see that, for every n 6 M, there exists an /i = /i^"'^) e (Sb^upY such that 



^ E'* 



+ e. (3.36) 



Let /i G {Sb^LipY be written as f l3.7p and define a simple process h as follows: 



■Co 

ii ■■= ii I B, 



ht '■— ^0) to ^ t < ti, 
ht := fi, ti^t < t2, 



By this construction, it is obvious that h is in (M^'°(0, l))'^ and bounded. Furthermore, 
it can be shown inductively that 

ht = ht{T-\B)), tk^t<h+i, 

for all = 0, 1, . . . , m — 1. Put B := T^^{B). By Theorem 12. 4[ we have 



E'^ 



f{B)-- / K-{d{B)shs) 



E' 
E 



f[B+ d{B)sK{B) 



K{B)-(d{B)sK{B) 



f{B+ I d{B)Xj -ll^s-i d{B), K 



for the validity of the second equality, see Remark 12.51 Combining this with f l3.35p and 
fl3.36p . we obtain 



E, 



f{B)-- 1 h:.{d{B),h: 



^ sup E 

h€{M^io,i)y 



f[B+ d{B),hA -- / K-{d{B)sh 



+ e 



for all n G N, and complete the proof. 



□ 
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4 An application to large deviations 

In this section, we apply Theorem 13.11 to the derivation of the Laplace principles for 
{{y/sB , {B));e > 0} and {^/eB]e > 0}. Similarly to the classical case, the Laplace 
principle implies the large deviation principle, and hence we recover the large deviation 
principles for these two families, which are originally proved by Gao- Jiang [5J through 
discretization technique. 

First we formulate the Laplace principle under G-expectation as follows: Let {X^; e > 
0} be a family of random variables taking values in a Polish space X. We let J be a rate 
function on X, that is, a mapping from X into [0, oo] such that for each M > the revel 
set {x E X : I{x) ^ M} is a compact subset of X. We say that {X^; e > 0} satisfies the 
Laplace principle on X with rate function / if for all bounded and continuous functions 
$ : A" ^ R, it holds that 



lim e log E 



exp 



sup{$(x) -/(x)}. (4.1) 



The following proposition can be proved through the same argument as in the clas- 
sical case (see, e.g., the proof of [H Theorem 1.2.3]). We remark that the validity of the 
converse assertion is ensured by Lemma A. 3 in [5]. 

Proposition 4.1. The Laplace principle implies the large deviation principle with the 
same rate function. More precisely, if the Laplace limit (14.11) holds for all bounded 
continuous functions $ : A* — > M, then {X^; e > 0} satisfies the large deviation principle 
on X with rate function I. 

Remark 4.2. As in the classical case, it is enough to check that the Laplace limit (14. ip 
is valid for all bounded Lipschitz continuous functions $ in order to see {X^; e > 0} 
satisfies the Laplace principle. 

Denote by C([0, 1]; R'^'"^) (resp. by C([0, 1]; M'^)) the space of all M'^'^ '^-valued (resp. 
M'^- valued) continuous functions on [0, 1] vanishing at 0. We equip C([0, 1];M'^^'^) with 
the distance 

dist{y\y') := sup \\y\t) - y\t)\\ , y\y' E C {[0,1]; R"^''), 

where \\A\\ = ^/tilAA*] for A G R"^""^, and equip C([0, 1];R'^) with the distance p defined 
by (EH). Set 

EI := |a; G C([0, 1]; R'^) : x is absolutely continuous and J \x (t) ^ < oo j> , 

y G C([0, 1]; R'^^'^) : y is absolutely continuous and 

y{t) G {77* : 7 G 0} for a.e. t G [0, 1] 



A : 



Here x and y denote the derivatives dx/dt and dy/dt, respectively, provided that they 
exist. We define rate functions J : C([0,1];R"') x C([0, 1]; M^^"') ^ [0,oo] and / : 



24 



C([0,l];M^)^[0,oo]by 



I(x) 



1 



oo 



x{t) ■ {y{ty^x{t)) dt if {x, y) eUx A, 



otherwise, 



1 

- / inf h-^x(t)\^dt if X G H, 
2io ^ee' 



+ oo 



otherwise. 



In the following, we abbreviate the notation as sup^ (resp. snp^^^y-^) when we take the 
supremum over x G C([0, 1]; W^) (resp. (x, y) G C([0, 1]; R'^) x C([0, 1]; M'^'^'^)). 

Proposition 4.3. (i) For any bounded Lipschitz continuous function \1/ : C([0,1];! 
xC([0,l];: 



f>dxd\ 



lim 6 log E 



exp 



^i^B, {B)) \ 



sup - J{x,y)} 



(ii) For any bounded Lipschitz continuous function $ : C([0, 1]; M'^) — t- 



lim e log E 

e-s>0 



exp 



e J 



sup {$(a;) - I{x)} . 



From Proposition 14.11 and Remark 14.21 we see that Proposition 14.31 implies that the 
family {{y/eB, {B));e > 0} (resp. {y/eB;e > 0}) satisfies the large deviation principle 
on C([0, 1];M'^) x C([0, (resp. C{[0, 1];M°')) with rate function J (resp. /). 

We begin with a lemma which is an application of Theorem 13. 1[ 

Lemma 4.4. For every e > 0, we have the following. 

(i) For any bounded Lipschitz continuous function \I' : C([0, 1];R'') x C([0, 1];R''^'^) 



£logE 



exp 



^iV^B,{B)) 



sup E 



fte(Afg,(o,i))rf 



^ (^V^B + ^ d{B), hs, {B)j - i ^ hs- {d{B)s h 



(4.2) 



(ii) For any bounded and Lipschitz continuous function $ : C([0, 1]; 



elogE 



exp 



sup E 



he{M^{o,i)y 



$ v^5+ / d{B),h 



hs ■ {d{B)shs 
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Proof. The proofs of (i) and (ii) are similar, so we only show (i). 

We first check that the functional '^{^/eB, (B)) is a bounded element of Cq{Q). For 
n G N, let An = {0 = to < < " " " < = 1} be the partition of [0, 1] such that 
tk - tk-i = 1/n for all = 1, . . . , n. For every y E C([0, 1]; M'^^'^) we denote by (y)^" 
the polygonal approximation of y such that {y)^"itk) = yitk), k = l,...,n. Since 
{B)t e for each t G [0, 1], the mapping 

QBu^ := ^ (Viw, {{B)f" (w)) 

has a q.c. version. is also bounded, and hence is in By the Lipschitz 

continuity of we have 

1 [|^ [V^B, (B)) - ^„ iB)\] ^ Lip($)I [dist ((5), ((fi))^")] . (4.3) 



Note that 



dist 

= ,i^iax sup II {B)t - {B)t^_^ - nit - - {B)t,_j\\ 

^2 max sup \\{B), - {B),^_^\\ , (4.4) 

and that || {B)t — {B)s\\ ^ daf\t — s\ for all ^ s, t ^ 1 q.s. Then the right-hand side of 
(14. 3 p is estimated from above by 

2rfLip(^)a^ 
n 

which tends to as ri — )■ oo, and hence \l/ {y/eB, (B)) G £g(f2). 
Now let us verify (14. 2 p . By Theorem 13. we have 



elogE 



exp 



^iV^B,{B)) 



sup E 

/ie{M2 (0,1))'* 

sup E 
sup E 

hG{M^{0,l)y 



^ {^eT\B), {T\B))) - ^ / K- {d{B), K 



^[^eB+ I d{B)s V^K, {B)j - - y ■ {d{B)s ^K) 



^ v^5+ / d{B)shs,{B) 



1 



hs-{d{B)shs) 



which is dMD. 



□ 



By using Lemma [4.4[ we prove Proposition 14.31 



26 



Proof of Proposition (i) By the Lipschitz continuity of we have 



sup E 



$ v^5+ / d{B),K,{B) 



sup E 



heiMl{o,i)r 



^ / d{B)sK,{B) 



hs ■ {d{B)shs 



^ sup E 



$ v^5+ / / d{B),hs,{B) 



(4.5) 



Here C := Lip(^)E [supo ^^<jx \-Bt\\, whose finiteness follows from the Cauchy-Schwarz 
inequality and Doob's inequality: 











E 


sup \Bt\ 


< E 


sup -Bj p 











1/2 



= sup Ep 
^ 2 sup Ep 







2" 


sup 


/ e^dWs 






Jo 





1/2 



1/2 



^ 2Vdai; 



(4.6) 



for the equality, recall that, in the definition of the upper expectation E, the supremum is 
taken over the laws of Og dWs, 6 G A^ i, under the probability measure P. Combining 
Lemma [4.41 with fl4.5p . we see that 



lim e log E 



exp 



= sup E 

/iG(M2(0,1))<* 

Hence what to show is that 



^{^sB, {B)) 



$ / d{B)sh,,{B) 



^ / d{B)shs,{B) 



sup E 
= sup {'^{x,y) - Jix,y)} 



hs ■ {d{B)s hs 



hs ■ {d{B)shs 



(4.7) 



First we prove the upper bound. For e A^^ and h G (M^(0, 1))"^ , we set 



Here h^^^ is defined by 



OsOlhi^^ ds, Yt = y}^^ := / OsO: ds for < t ^ 1. 



/if) = ht{ I OsdWs 1 for ^ t ^ 1. 
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Then X G EI and F G A P-a.s., and hence 



Er 



^ / d{B),K,{B) 



= Ep[^>{X,Y)-J{X,Y)] 
^ sup {^{x,y) - J{x,y)} . 



Since 9 G ^ and h G (M^(0, l))"^ are arbitrary, we get the upper bound in fl4.7l) . 

Next we prove the lower bound in fl4.7p . If x ^ H or ?/ ^ A, the right-hand side of 
(14.71) is — oo, so we take an arbitrary {x, G EI x A. Let y be written as 



g{s)g{syds, 0^t<:i, 



for some deterministic measurable function g : [0, 1] — )■ 0. We denote by Pg the law of 
Jq g{s) dWs and define a deterministic function t] by 

Vt = y{ty^i{t) for a.e. t G [0, 1]. 



Then rj is in {Mq{0, whence 



sup E 

he(Af2(o,i))^ 



^ / d{B),hs,{B) 



hs ■ {d{B)shs 



v|> / d{B)sVsAB) 



r/^ ■ {d{B)sr]s 



y{s)r]s ds,y]--l r/, ■ ds 



= '^{x,y) - J{x,y). 

Taking the supremum of the right-hand side, we obtain the lower bound, 
(ii) Similarly to (i), we have by Lemma [4.41 



lim e log E 



exp 



sup E 

he{M^{o,i)r 



$( / d{B)sh, 
Therefore it is sufficient to show 



hs ■ {d{B)s hs 



sup E 

h&(Ml(0,l)Y 



$ / d{B)sK 



hs-{d{B)shs) 



sup{$(x) -/(x)}. (4.8) 



For the upper bound, take 9 G A^^ and h G (M^(0, l))'^ arbitrarily and let X = 
X(^'^) be as in the proof of (i). Then we have 



Ef 



$ / d{B)sK 



hs ■ {d{B)s hs 



Er 



HX) - - 



9:'Xs 



ds 
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^ Ep [<I>(X) - /(X)] 
^ sup - I{x)} . 

X 

For the lower bound in (14.81) . we fix any x G H. By the measurable selection (see, 
e.g., [21 Lemma A.l]), there exists a measurable map r : M'^ ^ e such that 

|r(0"^C| = inf for all ^ G M'^. 

For such r, define g{s) := F {x{s)) for a.e. s G [0, 1], and note that 



= - j \g{s) ^x{s)\ ds. 

Denote by Pg the law of g{s) dWs and set 

z{t) := [\g{s)g{srr'x{s)ds. 
Jo 

Since z G (M^(0, 1))'^, it follows that 



sup E 



^ Er 



$( / d{B),z{s: 



hs ■ {d{B)s hs 



z{s)-{d{B),z{s)) 



$(x) - 



$(x) - I(x) 



\g{s) ^x{s)\'^ ds 



and hence by taking the supremum of the rightmost side, we obtain the lower bound in 

m. □ 

Remark 4.5. Let S[X] := — E[— X] for X G Cq{Q). By similar arguments to those in 
Section 121 we can also derive a variational representation 



log£[e^(^)]= sup S 

h&{M^{o,i)r 



f{B+ I d{B)shs] -- I h,-{d{B)sh 



(4.9) 



for any bounded elements / of Cq^Q). Note that by (12. Sp . S[X] = infg^j^e^ Epg[X], to 
which we may associate the "lower" capacity c via 

c(A) = inf Pe(A) for A G B(Q). 

We expect that similar applications to those given in this section are also possible under 
£ and c. A key to the validity of (14. 9 p is the identity (I3.29P in Lemma 13.101 
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5 An absolute continuity result 

We conclude this paper with the proof of an absolute continuity relationship between 
B and B + d{B)s hg under the capacity, which plays a key role in Subsection 13.11 and 
is of independent interest itself. Let c and c be the capacities given in (12. 6 p and (I2.10p . 
respectively, and T^{B) for h e (M^(0, l))'' as in Section El 

Proposition 5.1. Let h G (M^(0, l))"^ be arbitrary. Then for any e > 0, there exists 
S > such that 



In particular, 



{T\B) eA)<e for all A e B{Q) with c{A) < 5. 



c {T'^{B) e at) = for all N G BiSl) with c (N) = 0. 



(5.1) 



(5.2) 



Remark 5.2. Note that, since the reverse Fatou lemma does not hold in full generality 
under c, we cannot conclude from ( 15. 2 p the stronger result than (15. ip : 

c {T''{B) eA)<6 for all A G B{Q) with c {A) < 6. 

We start with the following lemma. 

Lemma 5.3. Let h G {Sb,LipY- It holds that 



logDf^j ^ ^^i||/i|lL2(o,l;K'*)- 



Here h is the associated bounded element of (M^'°(0, l))'^ defined so that the relation 
dSSD holds. 

Proof. First observe that by the boundedness of /i, {\ogDi''^)D'f'^ G £jj(r2), which may 
be deduced from the proof of (ii) of Lemma [2.71 Denoting B = T^^{B), we have 



\ogD\ 



hs ■ dBs + ^ 



K-{d{B)shs). 



(5.3) 



Taking the sublinear expectation of both sides of (15.31) under E^, we have by (ii) of 

1, 



Lemma 12.71 



E" 



\ogD\ 



(h) 



2 
2 



K-{d{B),K) 

K{B)-{d{B),K{B)) 



where the second equality follows from (13. 8p and the obvious identity {B) = {B). Then 
by Theorem 12.41 and Remark 12. 5[ 



2 



hs{B)- {d{B)shs{B)) 



1e 

2 



1 2^ 



hs{B)-{d{B),hs{B)) 



\hs{B)\^ds 



and therefore the assertion is proved. 



□ 
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Lemma 5.4. Let / : — )■ M 6e bounded and Lipschitz continuous. Then, for every 
h e (M2(0, l))*^, we have f {T''{B)) e C}.{n). 

Proof. For each G N, let the partition A„ of [0, 1] and the polygonal approximation 
(w)^" of w G as in the proof of Lemma [4.41 Since / is continuous and d{B)s kg has 

a q.c. version for each t G [0, 1], it is clear that the functional / ^(T''(i?))^" j also has 

a q.c. version, hence belongs to due to ( 12. 7p . Therefore, in order to prove the 

lemma, it is sufficient to show 



f {T\B)) - f ({T\B)) 



E 

To this end, note that, similarly to (14. 4p . we have 



0. 



(5.4) 



p (cj, (cj) ") ^ 2 max sup 



for uj eVL. 



Combining this estimate with Lipschitz continuity of /, we see that the left-hand side 
of (15. 4 p is bounded from above by 



2Lip(/) (Ji + II) 



with 



E 



max sup 



max sup 



\Bt - Bt^A 



d{B),h, 



As to we see that by (I2.12p and the Cauchy-Schwarz inequality. 



max sup 



\hJds 



max sup ^Jt — tk-l 



^ a^E 
^ crln'~^/'^\\h\\Mm^v.;Rd) 



\hJ\ ds 



) 



1/2- 



Therefore tends to as n — )■ cxd. In order to see the convergence of I\ to 0, fix 
e > arbitrarily. By the tightness of the family {Pg : 6* G i}; there exists a compact 
Ke dVL such that c (K^) ^ e. We bound from above by the sum 



E 



max sup \Bt-Bt^A]K^ 



+ E 



max sup \Bt- Bt^_A;K^ 

l^k^n t^_^^t^tk 



. (5.5) 



Due to the uniform equicontinuity of by the Arzela-Ascoli theorem (see [U Theo- 
rem 7.2]), the first term of (15. 5p converges to as n — )■ oo. On the other hand, the 
second term of (15. 5 p is dominated by 













2E 


sup \Bt\ 




^ 2E 


1 D |2 

sup \Bt\ 











1/2 



e)l/2 
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by the Cauchy-Schwarz inequality. Combining these with the estimate given in (14 .Gp 
yields 

lim sup ^ 4:\/dai a/^, 



which leads to (15.41) as e is arbitrary. 

Using Lemmas 15.31 and 15. 4[ we prove Proposition 15.11 



□ 



Proof of Proposition \5. li Let 6 > and A G B{Q) be such that 'c{A) < 6. Let h G 
{Mq{0, 1)Y and fix a compact subset K C A arbitrarily. We take a sequence {h"'}nen C 
{Sb,LipY so that 



lim — /i" 

n-4-oo 



Im2(0,1;I 



0. 



(5.6) 



For each m G N, set the function by gm{0') = 1 —fna for ^ a ^ 1/m and gm{0') = 
for a > 1/m. Then the mapping fl 3 u ^-^ gm{p{ou, K)) is bounded and Lipschitz 
continuous, and hence by Lemma [5. 4[ 

g^{p{T\B),K)), g^{p{T'^\B),K))eC},(Sl), m = l,2,.... (5.7) 

Fix a > 1. We start with the proof of 



E [g^ (p {T\B), K))] ^ aE [g^ (p (S, i^))] + C,, 

'- ^ ^ "-^ log a 



(5.^ 



1 1 

e 2 „gN 



--y — — 2 I I 7 Tl I I 2 

L-zi := 7 + -cr^ sup \\n \\Mi({),i-9.dy 



note that C/i < oo by (15. 6p . For each n G N, we bound the left-hand side of (15. 8 p from 
above by 

^[\g^{p{T\B),K))- g„, (p {T^\B), K))\] [g„, (p {T^\B), K))] . 
The first term is dominated by 



Ujg>{gmy^ 



sup f d{B)s{hs-hl 

Kt^il Jo 



^ Up{gm)al\\h - h'' 



Im2 (0,1;R<*)5 



(5.9) 



which vanishes by letting n — )■ oo. As to the second term of (15. 9p . we let h"^ be a bounded 
element of Mg°(0, 1) that satisfies (13. 8p with h replaced by h^. Noting that (13. 8p yields 
the relation T'^" o T^^'\B) = B, we have, by (15.71) and Theorem 12.41 (see Remark 12. 5p . 

E[gm{p{T''\B),K))] =E^[g^{p{B,K))]. (5.10) 

Following an argument in the proof of [21 Lemma 2.8], we estimate (I5.10p from above 
by 



E 



g^{p{B,K))DP;Di'"^^a 



+ E 



^„(p(5,ir))Dr;^r>« 
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^aE[g^ ipiB,K))] + 
^aE[g^ {p{B,K))] 



log a 
1 

log a 



-E 



{p {B, K))Dr log Dr>;Dr>> a 



- + E 

e 



Here for the last line, we used the inequahty 



(5.11) 



1 



'x)xlogx ^ — hxlogx for all x > 0. 



Using Lemma 15.31 we see that (15.111) is dominated from above by 

aE[g^ (p [B,K))] + -^Ch. 



log a 



Combining these leads to (15. 8p . 

For the the left-hand side of (15.81) . we have 



c {T\B) e K) ^ E [g^ (p {T\B), K))] 



(5.12) 



since '^k{'^) ^ 9m{p{^iK)) for all u E Vt. On the other hand, when we let m — )■ 
oo, gm{p{uj,K)) converges to lx('^) for all u E fl by the closedness of K, and this 
convergence is decreasingly monotone. Therefore by [SJ Theorem 31] and (12. 9p . 



lim E [gm (p (B, K))] = E [1^(5)] ^ c{A) 



(5.13) 



where the inequality follows from the inclusion K G A. Then by (15. Sp . (15.121) and (I5.13P 
with a = 1/ we have for any compact subset K C A, 



c. 



< 



V6 + 



log(l/5) 



asc{A)<6. Therefore 



c{T\B)eA)= sup Peo{T\B)) '{A) 

= sup sup Pgo [T''{B)y\K) 
eg^e KcA 

' K: compact 

= sup c (T''{B) G K) 

KcA 
K: compact 



log(l/5) 



(5.14) 



where the second line follows from the fact that Pq o (T^{B)^ ^ is a regular measure for 
each 9 G ^ as f2 is a complete separable metric space. As the rightmost side of (I5.14p 
can be arbitrarily small by letting 6 10, we conclude (15. ip . Moreover, as mentioned just 
before Remark 12. 2[ c{N) = implies 'c{N) = 0, from which we have (15. 2p . □ 
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